ICS 141: Discrete Mathematics I

7.4 Expected Value and Variance

Problem

Suppose you roll a (fair) 6-sided die three times.

(a)

(b)

Compute F(X).
Let X;, X5, X5 be random variables where X is O if the *" roll is not a 6, and 1 if it is.
Since X = X; + Xy + X3, we know that:
E(X)=FE(X1+ Xs+ X3) = E(X)) + E(X2) + E(X3).
Notice that for each of the Xs,
E(X)=1/6-145/6-0=1/6
so B(X)=3/6=1/2.

Compute £(X?).

The possible values for X are 0, 1, 2, and 3, so the possible values for X2 are 0, 1, 4, and 9.
Consider this table to help us compute F(X?). Here, k is the number of die rolls showing
6, so X?(k) = k?. We can compute p(X? = k) by considering three Bernoulli trials with
probability of success 1/6 and probability of failure 5/6.

KT X2 =R | p(XZ=k)

0]0 C(3,0)(1/6)°(5/6)3
11 C(3,1)(1/6)7(5/6)?
214 C(3,2)(1/6)%(5/6)!
319 C(3,3)(1/6)%(5/6)°

Recall that from Rosen that:

where S is the sample space of all possible outcomes. Since we span S by considering each
of the values of X2, we can compute F(X?) using the above table:

E(X*) = (0-1(5/6)°)
+(1-3(1/6)(5/6)*)
+(4-3(1/6)*(5/6))
+(9-1(1/6)%)
(3(1/6)(5/6)% +12(1/6)%(5/6) + 9(1/6)*)
= 2/3
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(c) Compute V' (X).

E(X)=1/2, E(X)* = 1/4, so:

V(X)=E(X*)-EX)*=2/3-1/4=5/12.



